Introduction
In a recent interesting paper, GIDAS, NI, and NIRENBERG [2] proved that positive solutions of the Dirichlet problem for second-order semi-linear elliptic equations on balls must themselves be spherically symmetric functions. Here we consider the bifurcation problem for such solutions. Specifically, we investigate the ways in which the symmetric solution can bifurcate into a nonsymmetric solution; when this happens, we say that the symmetry "breaks." To carry out this program, we rely on certain results in [6] , where we studied the kernel of the associated linearized operator. This enables us to give some necessary conditions for symmetry to break. We also find a class of functionsf where these conditions are also sufficient; see equation (18) below. The problem is, of course, to show that, when zero comes into the spectrum of the linearized operator and our conditions are fulfilled, bifurcation into the non-radial direction actually occurs. This is done by showing first that the "bifurcation curve" is a smooth manifold near the bifurcation point, and then appealing to a theorem of VANDERBAUWHEDE [8] , which gives sufficient conditions for bifurcation to occur in the presence of symmetries.
Degenerate Solutions
We consider the Dirichlet problem O<r<R, it is natural to think of these radial solutions of (1) as symmetric functions. Our purpose in this paper is to study how "symmetry" can be broken, that is, to describe the bifurcations of these positive symmetric solutions to non-radial solutions of (1). If u is a (positive) solution of (2), and u(0) = p > 0, we write u = u(r, p). Define A = (p > 0: u(r, p) -----0 for some r > 0), and for pE A, set
The function p~--~ T(p), from A into R+, will be called the time-map (see [4, 5]). Clearly u(r, p) is a solution of (2), (3) if and only if T(p) = R.
We say that a solution u of (1) is non-degenerate provided that v ~ 0 is the only solution of the linearized equations
Av(x) +f'(u(x)) v(x) = O, xE O'R,
Thus u is non-degenerate if and only if zero is not in the spectrum of the associated linearized operator; otherwise u is called degenerate. It is not hard to show that a necessary condition for a solution to bifurcate is that it be degenerate. In [6] the following characterization of non-degenerate (positive) solutions of (1) was obtained.
Theorem 1. Let u = u(r, p) be a positive solution of (1). Then u is nondegenerate if and only if (5) ur(T(p), p) 4= 0 and T'(p) 4= O.
In the proof it is shown that if v is a solution of (4) corresponding to the positive solution u(r, p), then, in terms of spherical harmonics, v has the form (6) v
(r, O) = ao(r) q-al(r) qS(O), 0 -<-r <--R, 0 E S "-1 9
Here (b is an eigenfunction of the Laplacian A on the (n --1)-sphere S "-1, corresponding to the first non-zero eigenvalue. That is, all of the higher modes vanish identically. Since the corresponding eigenspace is isomorphic to the standard representation of the orthogonal group O(n) on R" (by n • n orthogonal matrices), and since ao and al both satisfy linear second-order differential equations with linear boundary conditions, it follows that the kernel of the linearized operator is at most (n § 1)-dimensional. That is, ao and a~ are unique up to a constant multiple, and the set of ~'s is n-dimensional.
